For suspensions of permeable particles, the short-time translational and rotational self-diffusion coefficients, and collective diffusion and sedimentation coefficients are evaluated theoretically. An individual particle is modeled as a uniformly permeable sphere of a given permeability, with the internal solvent flow described by the Debye-Bueche-Brinkman equation. The particles are assumed to interact non-hydrodynamically by their excluded volumes. The virial expansion of the transport properties in powers of the volume fraction is performed up to the two-particle level. The first-order virial coefficients corresponding to two-body hydrodynamic interactions are evaluated with very high accuracy by the series expansion in inverse powers of the inter-particle distance. Results are obtained and discussed for a wide range of the ratio, x, of the particle radius to the hydrodynamic screening length inside a permeable sphere. It is shown that for x > ∼ 10, the virial coefficients of the transport properties are well-approximated by the hydrodynamic radius (annulus) model developed by us earlier for the effective viscosity of porous-particle suspensions.
I. INTRODUCTION
One of the theoretical methods to analyze transport properties in suspensions of interacting colloidal particles is the virial expansion in terms of the particle volume fraction φ. For suspensions of non-permeable hard spheres with stick hydrodynamic boundary conditions, virial expansion results for short-time properties are known to high numerical precision up to the three-particle level, i.e., to quadratic order in φ for diffusion and sedimentation coefficients [1, 2] , and to third order in φ for the effective viscosity [3] . The concentration range of applicability of these hard-sphere virial expansion results in comparison to simulation data has been discussed in [4] . Our knowledge on virial expansion coefficients of colloidal transport properties is less developed when suspensions of solvent-permeable particles are considered. The theoretical description of their dynamics is more complicated since one needs to account for the solvent flow also inside the particles. Permeable particle systems are frequently encountered in soft matter science. Prominent examples of practical relevance which are the subject of ongoing research, are dendrimers [5, 6] , microgel particles [7] [8] [9] , a large variety of core-shell particles with a dry core and an outer porous layer [10] [11] [12] [13] [14] , fractal aggregates [15] , and star-like polymers of lower functionality [16] .
In a series of recent articles [17] [18] [19] [20] , we have explored the generic effect of solvent permeability on the short-time transport using the model of uniformly permeable colloidal spheres with excluded volume interactions. This simple model is specified by two parameters only, namely the particle volume fraction φ = (4π/3)na 3 , where n is the number concentration and a is the particle radius, and the ratio x of the particle * Electronic address: mekiel@ippt.gov.pl radius to the hydrodynamic penetration depth inside a permeable sphere. Large (low) values of x correspond to weakly (strongly) permeable particles. While the model of uniformly permeable hard spheres ignores a specific intra-particle structure, it is generic in the sense that the hydrodynamic structure of more complex porous particles can be approximately accounted for in terms of a mean permeability. In our related previous publications, using a hydrodynamic multipole simulation method of a very high accuracy [21] , encoded in the HYDROMULTIPOLE program package [1] , we have calculated the short-time translational diffusion properties [17, 18] , and the high-frequency viscosity [19, 20] of the permeable spheres model, as functions of φ and x. These results cover the full range of permeabilities, with volume fractions extending up to the liquid-solid transition.
While the simulation results are important for the general understanding of permeability effects in concentrated systems, for practical use in experimental data evaluation and as input in long-time theories, virial expansion results based on a rigorous theoretical calculation are still strongly on demand. In fact, the knowledge of the leading-order virial coefficients can be a good starting point in deriving approximate expressions for transport properties, which may be applicable at concentrations much higher than those where the original (truncated) virial expansion result is useful. An example in case is provided in our recent derivation [20] of a generalized Saitô expression for the effective high-frequency viscosity η ∞ of permeable spheres, based on the second-order concentration expansion result, i.e. a Huggins coefficient calculation, of this property.
In [19] , we have performed virial expansion calculations for η ∞ . We have investigated therein a simplifying hydrodynamic radius model (HRM), where a uniformly permeable sphere of radius a is described by a spherical annulus particle with an inner hydrodynamic radius a eff (x) < a, and unchanged excluded-volume radius a. In this annulus model (HRM), the Huggins coefficient describing two-body viscosity contributions has been evaluated and shown to be in a remarkably good agreement with the precise numerical data for porous particles, characterized by a wide range of permeabilities realized in experimental systems.
In the present article, the aforementioned theoretical work on the virial expansion of the high-frequency viscosity is generalized to short-time diffusion properties. In Sec. II, the virial expansion is performed for the translational and rotational self-diffusion coefficients D t and D r , respectively, the sedimentation coefficient K, and the associated collective diffusion coefficient D C = KD t 0 /S(0). Here, S(0) is the smallwavenumber limit of the static structure factor, and D t 0 is the single-particle translational diffusion coefficient. In Sec. III, we provide highly accurate numerical values for the first-order (i.e., two-particle) virial coefficients, λ t (x), λ r (x), λ C (x) and λ K (x), of D t , D r , D C and K, respectively, in the full range of permeabilities. In Sec. IV, we also recalculate these virial coefficients approximately on the basis of the simplifying annulus model (HRM). In Sec. V, we conclude that in the range x > ∼ 10 typical of many permeable particle systems, the virial coefficients are well approximated by the annulus model.
II. THEORY
We consider a suspension made of a fluid with shear viscosity η 0 and identical porous particles of radius a. The fluid flow is characterized by Reynolds number Re<< 1. Outside the particles, the fluid velocity v and pressure p satisfy the Stokes equations [22, 23] ,
and inside the particles, the Debye-Büche-Brinkman (DBB) equations [24, 25] ,
where κ −1 is the hydrodynamic penetration depth. The skeleton of the particle i, centered at r i , moves rigidly with the local velocity u i (r) = U i + ω i × (r − r i ), determined by the translational and rotational velocities U i and ω i of the particle i, respectively. The fluid velocity and stress tensor are continuous across a particle surface. The effect of the particle porosity is therefore described by the ratio x of the particle radius a to the hydrodynamic screening length κ −1 of the porous material inside the particle, i.e.
Owing to linearity of the Stokes and DBB equations and the boundary conditions, the particle velocity U i depends linearly on the external forces F j exerted on a particle j. In particular, for two interacting spherical particles, 1, 2, in the absence of external torques and flows,
In this paper, the two-particle translational-translational mobility matrices µ tt ij (r 1 , r 2 ) are evaluated using the multipole method of solving the Stokes an DBB equations [21] . The cluster expansion of the above mobility matrices reads,
where r = r 2 − r 1 and
is the single porous-particle translational mobility. Here A 10 is a single porous-particle scattering coefficient [26] , given explicitly in Appendix A. For a non-permeable hard sphere with stick boundary conditions, A hs 10 = 3a/2. The single particle scattering coefficients A lσ , with l = 1, 2, 3, 4, ... and σ = 1, 2, 3 [26] , are essential to perform the multipole expansion. They determine the corresponding multipoles of the hydrodynamic force density on a particle immersed in an ambient flow; examples are Eqs. (7) and (24) . The same coefficients A lσ specify also the corresponding multipoles of the fluid velocity, reflected (scattered) by a particle immersed in a given ambient flow. This is why A lσ are called "scattering coefficients". In the multipole approach, differences in the internal structure of particles (e.g. solid, liquid, gas, porous, core-shell, stick-slip), are fully accounted by different scattering coefficients. The other parts of the multipole algorithm need not to be changed. The scattering coefficients are the matrix elements of two single-particle friction operators, Z 0 andẐ 0 , which determine the hydrodynamic force density exerted by a given ambient flow on a motionless and a freely moving particle, respectively.
In the multipole expansion method, the two-particle mobility µ (2) (1, 2) (e.g. translational one, as in Eq. (6), or rotational one, as in Eq. (23)) is expressed in terms of the single-particle friction operators, Z 0 (i) andẐ 0 (i), with i = 1, 2, and the Green operator G(1, 2). The later relates the flow outgoing from particle 2 and incoming on particle 1. We can write µ (2) as an infinite scattering series,
Since the multipole matrix elements of the Green tensor G scale as inverse powers of the interparticle distance r, Eq. (8) corresponds to a power series in 1/r. Truncating the expansion at order 1/r 1000 , we obtain a very high precision of the mobility calculation, actually much higher than needed for any practical applications.
In the present work, we investigate the short-time dynamics, at time scales t << a 2 /D t 0 , where
is the single-particle translational diffusion coefficient, with the Boltzmann constant k B and temperature T . On the shorttime scale, the system is described by the equilibrium particle distribution [27] . In the further analysis, we will need only the small-concentration limit g 0 (r) of the pair distribution function, where r is the interparticle distance. For particleparticle direct interactions described by a pair potential V (r), this pair distribution is g 0 (r) = exp(−V (r)/k B T ). For nonoverlapping spheres of radius a,
The first-order terms in the virial expansion of the short-time transport coefficients are obtained by averaging the corresponding two-particle mobility elements. As the result, the virial coefficients are obtained as integrals, which involve the mobility elements and g 0 (r).
The first-order virial expansion of the short-time translational self-diffusion coefficient has the form,
The coefficient λ t is given by the relation [28] ,
with R = r/2a and
Here, Tr denotes the trace operation. For the sedimentation coefficient, one obtains,
where
and
In the above expression,
is the Oseen tensor and r = r/r. The scattering coefficient A 12 for a porous particle [26] is given explicitly in Appendix A. For a non-permeable hard sphere with the stick boundary conditions, A hs 12 = 5a 3 /2. The collective diffusion coefficient is given by
where S(0) is the zero-wavenumber limit of the static structure factor, S(0) = lim q→0 S(q). The first-order virial expansion of Eq. (19) has the form,
For the non-overlapping spheres [27] ,
In this case,
The relation (22) follows from Eqs. (14), (19) and (20) .
We proceed by analyzing the short-time rotational selfdiffusion coefficient. In the absence of external forces and flows, the two-particle rotational-rotational mobility matrices µ rr ij (r 1 , r 2 ) satisfy the relation analogical to Eqs. (4)- (5), with the translational velocities replaced by the rotational ones, and the forces replaced by the torques. The two-particle cluster expansion now reads,
with
The scattering coefficient A 11 for a porous particle [26] is given in Appendix A. For a non-permeable hard sphere with the stick boundary conditions, A hs 11 = a 3 . The virial expansion of the rotational self-diffusion coefficient is
III. RESULTS
To evaluate the first order virial coefficients λ = λ t , λ K , λ r , we calculate two-particle mobility matrix elements, performing a series expansion in powers of 1/r up to the order 1000, as described in Sec. II. Integration with respect to the particle positions has been performed analytically term by term, using the expressions given in the previous section. The virial coefficients λ have been evaluated for a wide range of x. Selected results are listed in Table I . All displayed digits are significant. (More data are available on request.)
In Fig. 1 , the first order viral expansion of the short-time translational self-diffusion coefficient of a porous-particle suspension is compared with the accurate simulation results performed in Ref. [17] for volume fractions φ ≤ 0.45. The first In contrast, values of the sedimentation coefficient K differ significantly from the first-order virial estimation already at rather small volume fractions, see Ref. [17] . Our values of λ K (∞) reproduce with a higher accuracy the classic Batchelor's result [29] for non-permeable hard spheres. For uniformly porous particles, the boundary collocation method was applied by Chen and Cai [30] to evaluate λ K = −3.46, −5.50, −6.23, −6.44 for x 2 = 10 α , with α = 1, 2, 3, 4, respectively. Comparing their results with our very accurate values, λ K = −3.5723, −5.5480, −6.2504, −6.4563, we conclude that the uncertainty of their results is decreasing from 3% at α = 1 to 0.3% at α = 4. The accuracy of the boundary collocation method is worse at smaller values of x, i.e. for larger permeabilities.
In Figs. 2-4 , the first-order virial coefficients λ are plotted versus the porosity parameter 1/x, for 1/x ≤ 0.1, i.e. for x ≥ 10. For 1/x = 0, i.e. for x = ∞, the limit of a non-permeable hard sphere with radius a is recovered, λ hs = λ(∞). As shown in Fig. 2 , for a low permeability, the 
IV. ANNULUS MODEL
In the annulus model [31] , a particle suspended in a viscous fluid is characterized by two radii, a < and a > . Its hydrodynamic interactions are governed by the smaller radius a < . In addition, there exist also direct pair interactions. Two particles cannot come too close to each other, with the no-overlap radius equal to a > . For such a model, the first-order virial expansion of transport coefficients has been performed with respect to the volume fraction φ > = (4π/3)na 
The method used to determine λ A is described in Appendix B. The calculated values are listed in Table II. Now we are going to compare the first-order virial coefficients, calculated in the previous section for porous particles, with the corresponding results, obtained in this section for the annulus model, called also the hydrodynamic radius model (HRM). A similar comparison has been done in Ref. [19] for the effective viscosity. The key concept in this procedure is the hydrodynamic radius of a porous particle. For the translational diffusion (self-diffusion and sedimentation), the hydrodynamic radius a t eff is obtained from the single-particle translational diffusion coefficient, with the use of the relation,
The dependence of a t eff on the porosity parameter x follows from Eqs. (7) and (9), which determine the translational diffusion coefficient of a single porous particle [24, 25, 32] , and Eq. (A1), which specifies the scattering coefficient A 10 . Explicitly,
For the rotational self-diffusion, the hydrodynamic radius a r eff is obtained from the rotational diffusion coefficient of a single porous particle [32, 33] , with the use of the relation,
The dependence of a r eff on the porosity parameter x follows from Eqs. (24) and (26), with the scattering coefficient A 11 given by Eq. (A2). As the result,
For large x,
A porous particle of radius a and the porosity parameter x is modeled as an annulus particle, see Fig. 5 , by matching its geometrical radius a to the annulus no-overlap radius a > = a. The smaller annulus radius a < = a eff is determined by the effective hydrodynamic radius a eff , given in Eqs. (31) In this way, the annulus parameter ǫ, defined in Eq. (29), becomes the following function of x,
with a eff (x) determined by Eqs. (31) and (33) . In Figs. 2-4 , the annulus coefficients λ A (ǫ), with ǫ(x) specified by Eq. (35) (dashed lines) are compared to the porousparticle virial coefficients λ(x) (solid lines). For the sedimentation coefficient, the annulus model is accurate, with a halfpercent relative accuracy already at x = 20 and a reasonable 3% precision at x = 5. For the translational self-diffusion, the annulus model is less accurate, but still it gives only a 2% error for x = 20, and a 5% error for x = 10, and a 7% error for x = 5. The least accurate is the annulus prediction for the rotational self-diffusion, with a 5% error for x = 20 and a 11% error for x = 10. Summarizing, the annulus model (HRM) approximates well the first virial coefficients of porous particles suspensions, in the range of intermediate and small particle permeability (i.e. for moderate and large values of x).
V. CONCLUSIONS
In this paper, the short-time diffusion properties of dilute suspensions of uniformly porous spherical particles have been investigated. The first-order virial coefficients λ of the diffusion and sedimentation coefficients have been evaluated as functions of permeability. Values of λ are well-approximated by the annulus (hydrodynamic radius) model, if the parameter x is sufficiently large, i.e. the permeability is sufficiently low. Systematically, the annulus approximation slightly underestimates the virial coefficients of porous particles suspensions. For rotational diffusion, a reasonable 5% accuracy of this model is reached at x > ∼ 20. For translational diffusion (collective and self), the comparable or even better 3-5% precision is obtained already for x > ∼ 10. For the sedimentation coefficient, the accuracy is even higher (a 3% precision already at x = 5), owing to much larger absolute values of
The annulus model is expected to work well also at larger volume fractions, if the porosity parameter x is sufficiently large. The accuracy of this approximation at larger volume fractions will be investigated in a separate publication. Moreover, the annulus model is also useful to estimate diffusion and shear viscosity coefficients of suspensions made of particles characterized by a different internal structure, such as the core-shell. This problem will be the subject of a future study.
Appendix A: Scattering coefficients
The scattering coefficients for a uniformly permeable sphere with x = κa, where a is the sphere radius and 1/κ is the hydrodynamic penetration depth, have the form [32] ,
where l = 1, 2, ... and g l (x) = π/2xI l+1/2 (x) is the modified spherical Bessel function of the first kind.
Appendix B: The annulus (hydrodynamic radius) model
For a suspension of particles described by the annulus (hydrodynamic radius) model, the virial coefficients λ A are functions of the model parameter ǫ, defined by Eq. (29) and listed in Table II 
To evaluateλ A (ǫ), we now introduce the dimensionless interparticle distance as R = r/2a < , and we replace the pair distribution function from Eq. (10) by the following expression, g 0 (R) = 0 for R ≤ 1 + ǫ, 1 for R > 1 + ǫ. ,
which corresponds to the no-overlap condition at a larger radius a > . Then, we apply the Eqs. (12), (16) and (27) , taken in the non-permeable hard-sphere limit, x = ∞. We obtain the following expressions, 
In this Appendix, all the mobility coefficients, the associated functions J, and the superscript hs , refer to the hard spheres with the stick boundary conditions. The above formulas have been applied to compute the functions λ [34] , where they have been applied to model diffusion and rheology of particles with a hard solid core and a thin porous shell.
